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Abstract 
Gas-solid bubbling fluidized bed with binary particles is a potential candidate for performing 
the dry coal beneficiation process due to its advantages such as the ability to adjust separation 
density and the elimination of process water. A two-dimensional (2D) fluidized bed was used 
to study bubble dynamics and dense phase composition distribution in order to gain some 
fundamental understanding of this system. Digital image analysis (DIA) was employed to 
measure bubble diameter, bubble rise velocity, bed expansion and particle composition 
distribution. Magnetite and sand particles as pure and binary mixtures were used in the 
fluidized bed. Bubble diameter and bubble rise velocity both increased with the distance 
above the gas distributor and excess gas velocity. Bubble diameter of the binary mixtures is 
smaller than that of pure particles. Unlike the binary particles of the same size, bubble 
diameter was at its smallest when the amounts of sand and magnetite were almost identical in 
the system of binary particles having the same aerodynamic diameter, however the effect was 
not appreciable at a higher magnetite particles concentration. Bubble rise velocity was found 
to be proportional to the bubble diameter and did not change with axial position for the same 
bubble size. Bubble rise velocity increased while ascending in the bed due to an increase in 
bubble size. In addition, a preliminary experiment of tracing dense phase composition using 
DIA was carried out and a correlation for estimating the bed density based on the dense phase 
composition and bed expansion was developed. 
 
Keywords 
Dry coal beneficiation, two-dimensional fluidized bed, digital image analysis, bubble diameter, 
bubble rise velocity, dense phase composition, bed density 
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Nomenclature 
A, At   Cross-section area of the fluidized bed, m2 
Ab   Surface area of a single bubble, m2 
AD   The area of hole on the distributor, m2 
De   Area equivalent bubble diameter, m 
DB   Bubble diameter, m 
DB0   Initial bubble diameter, m 
DBM   The maximum bubble diameter, m 
Dt   Bed diameter, m 
da   Aerodynamic diameter, um 
dp, d   Particle size, um 
?̅?   Average particle size, um 
e   Bed expansion 
Fd   Drag force, N 
Fb   Buoyant force, N 
Ff   Friction force, N 
G   Gravity force, N 
Gb    Volumetric flow rate of bubble phase, m3/s 
 xii 
 
H0   Fixed bed height, m 
He   Average fluidized bed height, m 
h   Distance above the gas distributor 
Δt   Time interval between consecutive frames, s 
ug   Superficial gas velocity, m/s 
umf   Minimum fluidization velocity, m/s 
uex   Excess gas velocity, m/s 
ub   Bubble rise velocity, m/s 
V   Volume, m3 
v   Particles volume fraction, % 
xi1, xi2   Abscissa of bubble center, m 
yi1, yi2   Ordinate of bubble center, m 
ρp   The density of particles, kg/m3 
ρg   The density of fluidizing gas, kg/m3 
?̅?   The average density of binary mixtures, kg/m3 
Ф   Sphericity factor 
μ   The viscosity of fluidizing gas, Pa*s 
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1 Introduction 
1.1 Importance of coal beneficiation 
Coal is one of the world’s largest, most widespread and cheapest source of energy. In recent 
years, global economic growth has led to an increasing demand for coal. China has the world’s 
largest demand for coal and the demand in India and other Asian countries is expected to 
experience a sharp increase in near future, as shown in Fig.1.1. In 2015, China produced over 3 
billion tons of coal, amounting to about 48% of world coal production [International Energy 
Annual, 2012]. According to the British Petroleum (BP) energy outlook in 2018 shown in Fig. 
1.2, the world’s coal demand prediction remains stable from 2018, but still remains high and 
ranks as the second largest energy source [British Petroleum Review of World Energy, 2018]. 
  
 
 
 
 
 
 
 
Figure 1.1 Primary energy regional consumption by fuel 2018 (Billion ton) (BP 
statistical review of world energy) 
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Figure 1.2 Primary Fuel Demand in 2018 (Billion ton) (BP statistical review of world 
energy) 
Despite the importance of coal utilization, the combustion of these kinds of fossil fuel can 
cause considerable environmental pollution. Raw coal contains certain amounts of impurities 
such as mineral matter (gangue), ash and stone. Raw coal typically does not meet the 
requirements for commercial application. For example, specific gasifier requires specific feed 
coal size [Smith, 1981]. Furthermore, the impurities in raw coal such as gangue have low calorific 
values. Meanwhile, the combustion of these impurities consume a lot of energy and release large 
amounts of CO2, NOx, SOx, etc. At present, over 80% of CO2 and SO2 emission in air pollution 
are from coal combustion. As shown in Fig. 1.3, coal combustion contributes to about 90% of the 
whole CO2 emission worldwide, about ten times over oil and gas. Coal beneficiation is a process 
3 
 
of increasing calorific value by removing impurities from raw coal. This process can significantly 
reduce the ash and gangue content of coal. More importantly, it allows raw coal to meet the final 
standard by going through some production operations without changing its physical properties. 
Coal beneficiation before combustion can greatly improve coal utilization efficiency and reduce 
its environmental impact [Penner et al. 1987]. Therefore, coal cleaning technology is becoming 
increasingly important.  
 
 
 
 
 
 
 
 
 
Figure 1.3 Carbon emissions by source in 2018 (Billion tones CO2) (BP statistical 
review of world energy) 
1.2 Bubbling fluidized bed applied in coal beneficiation 
Fluidization is the phenomenon that particles show fluid-like behavior in the presence of an 
upward flowing fluid. With different fluid velocities, the bed undergoes different fluidization 
states. Minimum gas velocity required to start fluidization is generally referred to as minimum 
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fluidization velocity. When inlet gas velocity reaches and exceeds the minimum fluidization 
velocity, particles begin to fluidize and bubbles may form, leading to a bubbling fluidization 
regime. The emulsion/dense phase is formed by the suspended dense granular particles and part 
of the gas, while the bubble phase consists of bubbles only. 
Bubbling fluidized bed have been used in many industrial processes due to its high mass and 
heat transfer rates between gas and solid phases compared to fixed beds [Busciglo et al. 2012]. 
Chemical industries take great advantage of bubbling fluidized bed especially in coal separation 
procedures.  
Traditional coal beneficiation technology is divided into two categories: wet beneficiation 
and dry beneficiation. Wet coal beneficiation needs large amounts of water. Considering the 
global water shortage, the conventional wet coal separation method is greatly restricted. When 
compared to the wet coal beneficiation, dry coal beneficiation, which is based on gas-solid 
fluidized bed, has a lot of advantages such as saving process water, low moisture content after 
beneficiation, lower environmental pollution and so on [Luo et al. 2008]. Therefore, dry coal 
beneficiation is expected to replace the traditional wet coal beneficiation in the near future. 
Dry coal beneficiation takes advantage of the gas-solid fluidized bed technology, using the 
density difference between the bed medium and raw coal constituents to achieve the separation 
[Luo & Chen, 2001]. The gas-solid fluidized bed has fluid-like characteristics, which allows 
objects with higher density than the bed medium to sink to the bottom, while lighter objects float 
on top of the bed [Luo & Chen, 2001; Dwari & Rao, 2007]. The density difference between raw 
coal and the fluidized bed enables the separation process, which is a crucial factor in dry coal 
beneficiation. The efficiency of the dry coal beneficiation can be controlled by controlling the 
density of the fluidized bed. In industry applications, the fluidized bed density is usually 
controlled by adjusting inlet gas velocity. However, using a single particle as a fluidized medium 
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can only control the variation of the fluidized bed density in a small range and some useful 
density ranges cannot be covered. Therefore, it is useful to introduce binary mixtures as the 
fluidized medium because it can adjust separation density in a wider range [Douglas & Walsh, 
1966]. The utilization of binary mixtures in dry coal beneficiation can realize the separation of 
raw coal with a wider range of density and size. Furthermore, the uniformity of the bed density 
throughout the whole fluidized bed which affects the separation efficiency also plays an 
important role in the process. In the bubbling fluidized bed, the existence of bubbles is the most 
significant factor that causes non-uniformity in bed density. 
The Archimede’s principle explains the coal separation mechanism based on the forces 
acting on the coal particles, as shown in Fig. 1.4.  
 
 
 
 
 
Figure 1.4 Forces acting on a coal particle 
 
Fd is the drag force caused by the rising bubble. Fb is the buoyant force caused by the 
fluidized particles. Ff is the friction force caused by the interaction between the coal particle and 
the medium particles. G is the coal particle gravity force. 
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The existence of the bubble can reduce the friction force acting on coal particles. However, 
ascending large bubble will drag particles in their wake, which can increase the drag force acting 
on the coal particles and make the separation difficult. In order to maintain the bed density and 
reduce the friction force and drag force, it is necessary to make sure the gas-solid fluidized bed 
has small bubbles to maintain the bed density and reduce particles’ drag force.  
1.3 Objectives 
Because of the scarce amount of studies conducted on the behavior of mixtures of particles 
in the fluidized beds, which have the same aerodynamic diameter, this research aims to study the 
bubble characteristics of binary mixtures with the same aerodynamic diameter using digital image 
analysis technology. In this work, minimum fluidization velocity, bubble diameter, bubble rise 
velocity, bubble volume fraction and bed expansion were measured. A preliminary study on the 
process of bubble coalescence and splitting is carried out. In addition, a new method of tracing 
dense phase composition is applied and a new correlation of the estimation of bed density is 
introduced. This research main objectives: 
(1) Study of the effect of different binary mixtures on the relationship between total bed pressure 
drop and superficial gas velocity. 
(2) Study of the relationship between bubble size and excess gas velocity and distance above the 
gas distributor. 
(3) Investigation of the effect of sand volume fraction and excess gas velocity on bubble size in 
different systems. 
(4) Detailed study of the relationship between bubble rise velocity and bubble size, sand volume 
fraction and distance above the gas distributor.  
(5) Prediction of bubble volume fraction under different operation conditions. 
(6) Study of bubble size and total bubble volume change during bubble coalescence and bubble 
splitting 
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(7) Development of a new method to trace dense phase composition and a new correlation to 
estimate fluidized bed density based on dense phase composition. 
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2 Literature review 
2.1 Gas-solid fluidization technology applied in coal 
beneficiation 
Fluidization technology applied in dry coal beneficiation has been studied for about 40 years 
[Beeckmans & Goransson, 1982]. Fraser and Yancy first applied gas-solid fluidization 
technology in coal beneficiation using river sand as the bed medium [Fraser & Yancey, 1926]. 
However, the required coal separation density was slightly higher than the bed density caused by 
sand fluidization, which caused a large amount of clean coal in the jetsam. Weintraub et.al used 
magnetite as the heavy medium material and successfully separated coal from its impurities 
[Weintraub et al. 1979]. Furthermore, it was pointed out that the dry coal beneficiation was a 
complex system. The separation efficiency could be affected by many parameters such as particle 
size distribution, inlet gas velocity, bubble size and bubble rise velocity and so on. Therefore, a 
fluidized bed was developed using magnetite and river sand and their mixtures as the medium to 
separate raw coal [Iohn, 1971]. The bed density formed by fluidization of magnetite ranges from 
1.7g/cm3 to 2.2g/cm3, while that of sand fluidization ranges from 1.2g/cm3 to 1.4g/cm3. The bed 
density of the fluidization mixture varies between 1.2-2.2g/cm3, which cover the intermediate 
ranges of densities. Warren Spring laboratory invented a dry coal beneficiation equipment 
combining an inclined vibratory trough and a fluidized bed [Douglas & Walsh, 1966]. A counter-
current fluidized bed (CCFC) system was developed to separate sand and carbon mixtures 
[Beeckmans & Minh, 1977]. An upward fluidization system was developed, which could produce 
a lighter overflow and a heavier underflow. This device saved energy effectively [Barari & 
Sengupta, 1980]. An air-dense medium-fluidized bed (ADMFB) designed at the China University 
of Mining and Technology in 1994 has been widely used due to its high efficiency.  
Recently, many researches have focused on the improvement and fundamental principle of 
the ADMFB. Several experiments were carried out to study the effect of feed coal size on 
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separation performance and attempted to quantify the separator size range [Mohanta et al.2011]. 
The interdependencies among all parameters has been investigated which can affect the 
separation performance. An empirical model was established, which could be used to predict 
operation parameters to achieve the optimum performance [Mohanta et al. 2013]. An empirical 
equation was derived to predict position of the coal particle in non-bubbling condition ADMFB 
[Prusti et al. 2015]. Experiments were carried out to study the effect of narrow size range of the 
dense medium (magnetite) on coal separation. It had been found that the finer magnetite powders 
had lower minimum fluidization velocity and could expand the lower separation limit of the 
ADMFB [Zhao et al. 2015]. 
2.2 Two phase theory 
In order to simplify the fluidization model in bubbling fluidized bed, it is common to 
consider the bed to be composed of two phases: bubble phase and dense phase [Davidson & 
Harrison, 1963; Grace & Clift, 1974]. The two phase theory was proposed by Toomey, as shown 
in Fig. 2.1 [Tommy & Johnstone, 1952].  
10 
 
 
Figure 2.1 Diagram of two phase theory in fluidized bed [Han, 2017] 
 
This theory considers that the apparent gas flow rate beyond the minimum fluidization form 
the bubbles. The volume of the dilute phase can be estimated by equation 2.1. 
𝐺𝑏 = (𝑢𝑔 − 𝑢𝑚𝑓)𝐴     (2.1) 
where 𝐺𝑏 is volumetric flow rate of the bubble phase.  
This theory is frequently used for modeling purposes and calculation of the bubble volume 
fraction. 
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2.3 Particle segregation and minimum fluidization velocity 
Minimum fluidization velocity is the apparent inlet gas velocity when particles in the 
fluidized bed begin to fluidize. Minimum fluidization velocity is an important variables when 
designing a fluidized bed [Coltters & Rivas, 2004; Chiba et al. 1979; Kunz, 1970/71]. 
Many correlations for predicting the minimum fluidization velocity of single particle systems 
have been developed based on particle and gas properties, such as particle and gas density, and 
particle diameter [Coltters & Rivas, 2004]. Wen and Yu developed a correlation to estimate the 
minimum fluidization velocity of a single particle system, which is used in many researches due 
to its adaptability [Wen & Yu, 1966]. 
The particle mixing and segregation degree can affect the fluidized bed properties. Katz first 
study the particle size distribution in a binary fluidized bed [Katz, 1957]. In the fluidized bed, the 
component that tends to float is called flotsam, while the component that tends to sink is known 
as jetsam [Rowe et al. 1972]. The three mixing/ segregation states were defined in a fluidized bed 
as shown in Fig. 2.2 [Chiba et al. 1979]. 
 
 
 
 
Figure 2.2 Typical mixing/segregation states. (a) Completely mixed, (b) completely 
segregated, (c) partial mixing. [Chiba et al. 1979] 
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In addition, it has been found that three mixing/segregation states showed different relations 
between the bed pressure drop and superficial gas velocity, as shown in Fig. 2.3 and an empirical 
equation was proposed to estimate the minimum fluidization velocity under the conditions of 
complete and partially fluidized beds [Chiba et al. 1979; Noda et al. 1986]. The minimum 
fluidization velocity strongly depended on the particle mixing condition and an equation for the 
estimation of minimum fluidization velocity was reported based on Wen and Yu’s equation, 
correlated by a function of the ratios of particles density and size [Noda et al. 1986].  
 
 
 
 
 
 
Figure 2.3 Effect of the mixing/segregation state on the relationship between bed 
pressure drop and superficial gas velocity (idealized). (a) Completely mixed, (b) 
Completely segregated. (c) Partial mixing [Chiba et al. 1979] 
 
2.4 Bubble size 
After the inlet gas reaches the minimum fluidization velocity, the excess gas will go into the 
dilute phase to form bubbles. Bubbles form at the bottom and then ascend and finally burst at the 
bed surface. Bubbles break up and coalesce continuously during this process. Bubble size is one 
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of the most important index in the fluidized bed since it can affect most of the properties of the 
bed such as mass and heat transfer rate, bubble rising velocity and most importantly it can affect 
the dry coal beneficiation efficiency [Hotio & Nonaka, 1987]. 
Bubble coalescence is the dominant factor for bubble size growth [Darton et al. 1977]. The 
first empirical equation to estimate the bubble size was reported by Yasui and Johanson in 1958 
based on light transmission between the probes submerged in the fluidized bed [Yasui & 
Johanson, 1958]. Subsequently, a number of correlations for estimating bubble diameter have 
been proposed. An equation was reported based on the bubble assemblage model, which was used 
to design catalytic fluidized bed reactors [Kato & Wen, 1969]. Another equation was derived by 
Geldart, which can predict the bubble diameter in a 3D fluidized bed from bubble diameter data 
in a 2D fluidized bed [Geldart, 1970]. Geldart’s equation has become more and more important 
since the two dimensional fluidized bed is widely used in studying bubble characteristics with 
different fluid dynamics [Ma et al. 2016]. A semi-empirical equation was presented to predict the 
effect of fluidized bed diameter on the bubble size [Mori & Wen, 1975]. Darton’s equation 
reported in 1977 was the most widely used equation due to its adaptability to almost all 
conditions [Darton, 1977].  
Some typical correlations to estimate the bubble size are shown below.  
• Kota and Wen: 𝐷𝐵 = 1.4𝜌𝑝𝑑𝑝 (
𝑢
𝑢𝑚𝑓
) ℎ + 𝐷0      (2.2) 
where  𝐷0 = (
6𝐺
П
)0.4/𝑔0.2         (2.3) 
• Geldart: 
(𝑑𝑏)3𝐷
(𝑑𝑏)2𝐷
=
8П
3
𝑓2𝐷
𝑓3𝐷
         (2.4) 
where 𝑓2𝐷 can be calculated by equation 2.5. 
𝑛3𝐷 = 1.5
𝑛2𝐷
2
𝑓2𝐷
          (2.5) 
• Mori & Wen: 
𝐷𝐵𝑀−𝐷𝐵
𝐷𝐵𝑀−𝐷𝐵0
= exp⁡(−
0.3ℎ
𝐷𝑡
)       (2.6) 
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where 𝐷𝐵0 = 0.347(
𝐴𝑡(𝑢0−𝑢𝑚𝑓)
𝑛𝑑
)2/5        (2.7) 
• Darton: 𝐷𝑒 = 0.54(𝑢 − 𝑢𝑚𝑓)
0.4
(ℎ + 4√𝐴0)
0.8/𝑔0.2     (2.8) 
Two techniques have been employed to study bubble characteristics in fluidized beds: 
intrusive techniques and non-intrusive techniques. Both techniques have been used to describe the 
fluid dynamics for many decades [Rudisuli et al. 2012; Busciglio et al. 2010]. Interference of the 
sensors in intrusive techniques disturbs the fluidized bed hydrodynamics [Busciglio et al. 2008]. 
Moreover, the simple probe can only measure the length of the bubble but not the diameter and it 
is hard to discriminate the number of the bubbles passing through the probe [Busciglio et al. 
2008; Rudisuli et al. 2012; van Ommen & Mudde, 2008]. In recent years, digital image analysis 
technology (DIA) has been widely used in studying fluid dynamics [Busciglio et al. 2008]. DIA is 
particularly suitable for the two-dimensional gas-solid fluidized bed because of the clear 
boundary between the two phases [Salehi-Asl et al. 2018]. In addition, the video recordings 
method can record the bubbles in slow-motion, which are too fast for visual observation [van 
Ommen & Mudde, 2008]. Lim et al. were the first researchers who used DIA to present bubble 
properties, including bubble size, shape factor and aspect ratio [Lim et al. 1990]. A semi-
empirical equation was developed to estimate average bubble size and average bubble rise 
velocity using a CCD camera in 2D-bubbling fluidized bed [Hull et al. 1999]. The distribution of 
the two important bubble characteristics (shape factor and aspect ratio) as a function of gas 
velocity was investigated using DIA in a 2D-fluidized bed [Caicedo et al. 2003]. A method based 
on DIA was developed to measure the bed expansion and segregation dynamics in dense gas-solid 
fluidized beds. It was reported that this technology could trace bubbles and voidage waves as well 
[Goldschmidt et al. 2003]. A new method using image processing toolbox of MATLAB was 
developed to study the hydrodynamics of bubbles using a digital video camera. A better 
estimation of bubble flow can be acquired based on this method [Shen et al. 2004]. The 
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development of the DIA technology and the 2D fluidized bed drive the incredible progress of 
fluid dynamic research in fluidized beds. 
2.5 Bubble rise velocity 
Davidson and Harrison developed the most widely used equation to estimate bubble rise 
velocity [Davidson & Harrison, 1963]. It was found that bubble rise velocity was affected by 
bubble diameter and excess gas velocity. The bubble rise velocity was measured using a probe in 
a large multi-tuyered fluidized bed under several excess gas velocities. It was found that the 
bubble rise velocity was a linear function of the excess gas velocities [Whitehead et al. 1967]. 
The average local bubble rise velocity was measured in cylindrical fluidized beds with different 
diameters by means of a miniaturized capacitance probe [Werther, 1974]. Two velocimetry 
procedures were put forward to measure bubble rise velocity. The two procedures were based on 
the Eulerian velocimetry technique (EVT) and the Lagrangian velocimetry technique (LVT). The 
research result showed that both of the two methods could well be used in complex dynamics in 
freely bubbling beds [Busciglio et al. 2008]. The effect of bed material on bubble rise velocity 
had been studied in a three-dimensional fluidized bed using noninvasive ultrafast electron beam 
X-ray tomography. It was found that the low density linear polyethylene (LLDPE) particle had 
higher bubble rise velocity compared with the other particles used in that research [Verma et al. 
2014]. A number of approaches were investigated to estimate the bubble rise velocity, including 
using average solids concentration and grey scale value as input signal based on cross-correlation 
technique, two-dimensional cross-correlation concept and detailed signal analysis method. The 
cross-correlation method based on the average solids concentration and the detailed signal 
analysis method were able to predict a more accurate bubble rise velocity [Li et al. 2018]. 
2.6 Binary fluidized bed 
There are few researches done on bubble dynamics in a bed of mixtures of particles. Kage et 
al. carried out a research to study bubble size and rising velocity in a fluidized bed composed of 
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two kinds of particles of the same density but of different sizes using optical fiber probes. In 
addition, a new method of determining the bubble diameter at any distance above the gas 
distributor in the system of two kinds of particles was proposed [Kage et al. 1991]. Some 
experiments were preformed focusing on the preliminary analysis of bubble dynamics, including 
bubble diameter, bubble number and bubble rise velocity using DIA technology. Mixtures of 
same density but with different sizes were used in the experiments [Busciglio et al. 2012]. This 
research was a starting point and laid the foundation for future studies on the bubble dynamics of 
binary mixtures in fluidized beds.  
Mixture of particles can be divided into two categories: particles of same size but different 
densities and particles of same density but different sizes. Han et al. investigated the effects of 
both particle size and particle density on bubble dynamics. Particle with larger size and higher 
density tend to form larger bubbles [Han, 2017]. However, it has been found that segregation 
could occur in both particles of the same size but different densities and particles of same density 
but different sizes systems [Chiba et al. 1980]. Complete segregation and partial segregation can 
cause non-uniformity in bed density inside the fluidized bed. In the dry coal beneficiation 
process, the uniformity of the bed density also plays an important role. The mixture of particles of 
larger size but lower density and particles of smaller size but higher density can mixed more 
evenly, which is beneficial for coal separation. In addition, by controlling their aerodynamic 
diameter, they can have similar fluidization behavior. 
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3 Experimental set-up and methodology 
3.1 Materials and operating conditions 
Two groups of sand and magnetite mixtures with the same aerodynamics diameter and the 
same size and two pure particles system were used in this experiments. The sand volume fractions 
in the four mixtures were 30.5%, 54%, 72%, 87.5%, respectively. Experiments were carried out 
under three different excess gas velocities (uex) 1.6cm/s, 4.3cm/s, 7.1cm/s with 0.6m fixed bed 
height (H0). Particles were completely mixed before the experiments by high gas velocity. 
Particles properties and operating conditions are shown in Tables. 3.1. 
Table 3.1 Experimental Particles Properties 
 
3.2 Image processing in bubble dynamics 
After reaching steady state condition in the fluidized bed, the bubbles are recorded by a 
video camera (Cannon Ti3) with a 29Hz video frequency. Each frame has 1088*1920 pixels.  
Particle Type Particle size (um) Vol. Fraction of Sand Density(kg/m3) Geldart Type 
 
 
Magnetite225-Sand225 
Magnetite: 150-300um 
Volume average 
diameter: 225um 
0% 4650  
 
B 
30.5% 4040 
54% 3570 
Sand: 150-300um 
Volume average 
diameter: 225um 
72.5% 3200 
87.5% 2900 
100% 2650 
 
 
Magnetite225-Sand304 
Magnetite: 150-300um 
Volume average 
diameter: 225um 
0% 4650  
 
B/D 
30.5% 4040 
54% 3570 
Sand: 255-355um 
Volume average 
diameter: 304um 
72.5% 3200 
87.5% 2900 
100% 2650 
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The information an image can convey is expressed in grayscale [Jing & Zhu, 2012]. Each 
pixel represents one grayscale value. The grayscale value of a certain image ranges from 0 to 255. 
Zero (0) grayscale value means black, while 255 means white. Therefore, the image can be 
transferred into grayscale matrix using the MATLAB program. Bubbles can be recognized due to 
the different greyscale values between the bubble phase and the dense phase. To avoid noise 
points caused by the nonuniform distribution of light and make the bubble part appear more 
prominent, the fixed bed is established by a picture and subtracted by the fluidized bed picture. 
The non-zero greyscale value portion displays the position at where the bubbles exist. The 
specific calculation process is as follows: 
(1) Obtain that 29 images per second, as shown in Fig. 3.1 (a) and transfer the images into a 
grayscale matrix. 
(2) Subtract grayscale values of fluidized bed images of different conditions from that of fixed 
bed images. After subtraction, record the result in the matrix. Set a threshold value to exclude 
noise points and output the matrix. The threshold value is ranging from 10 to 30 which is 
determined by certain conditions. Subsequently, convert the greyscale matrix into black and 
white binary pictures, as shown in Fig. 3.1 (b). The white part represents dilute phase 
(bubble), while the black areas represent dense phase. 
(3) Depict the bubble area as a circle of equal surface area using the ‘Regionprops’ software as 
shown in Fig. 3.1 (c). The ‘Regionprops’ software can directly obtain the total number of 
pixels in the bubble area and the centroid of the bubble area. 
 
 
 
 
 
 
19 
 
 
Figure 3.1 Image Processing Procedure (a) Original RGB Image (b) Black and 
White Binary Image (c) Image with Circles 
3.3 Image processing in tracing dense phase compositions 
The fluidized bed is divided into five sections (12cm height) for tracing particles 
compositions. Particle composition of each section was recorded by a camera (Cannon Ti3) 
through continuous shooting. Six images were taken in each section and the images without 
obvious bubbles were used to analyze the particle composition, as shown in Fig. 3.2. A small 
piece was selected randomly in each image with a length-width ratio of 16:9. Because of the 
different on color of magnetite particles and sand particles, the particles can be distinguished by 
different greyscale values of each pixels in the image. Sand particles are yellow, which have 
higher greyscale value, while magnetite particles are black, which have lower greyscale value. In 
order to remove the non-uniformity resulting from the distraction and reflection of light and solve 
the problem of uneven particle color, a histogram of the number of pixels versus greyscale value 
was plotted to determine the threshold for the greyscale value of sand and magnetite particles, as 
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shown in Fig. 3.3. Two peaks in Fig. 3.3 represent greyscale value distribution of sand and 
magnetite, respectively. The black line represent the threshold. In Fig. 3.3, the left side of the 
threshold is magnetite particles while the right part is sand particles. The specific calculation 
process is as follows: 
(1) Storaging the images without obvious bubbles and getting rid of the images with obvious 
bubbles, as shown in Fig. 3.2(a) and (b). Increase contrast of the images without obvious 
bubbles and randomly cut a part of it, as shown in Fig. 3.2(c)  
(2) Transfer the small part into greyscale matrix with a size of 1920*1080. Output a histogram of 
the number of pixels verses greyscale value and determine the threshold of the particular image, 
as shown in Fig. 3.3 
(3) Count the number of pixels of which greyscale value is lower than the threshold and the pixels 
higher than the threshold. Sand and magnetite volume fraction can be calculated by Equation 
(3.1) and (3.2). 
Sand⁡volume⁡fraction =
𝑁𝑜.𝑃𝑖𝑥𝑒𝑙𝑠⁡(𝐺𝑟𝑒𝑦𝑠𝑐𝑎𝑙𝑒⁡𝑉𝑎𝑙𝑢𝑒>𝑇ℎ𝑟𝑒𝑠ℎ𝑜𝑙𝑑)
1920∗1080
  (3.1) 
Magnetite⁡volume⁡fraction =
𝑁𝑜.𝑃𝑖𝑥𝑒𝑙𝑠⁡(𝐺𝑟𝑒𝑦𝑠𝑐𝑎𝑙𝑒⁡𝑉𝑎𝑙𝑢𝑒<𝑇ℎ𝑟𝑒𝑠ℎ𝑜𝑙𝑑)
1920∗1080
  (3.2) 
 
Figure 3.2 Original RGB images in tracing particle composition. (a) Image without 
obvious bubbles. (b) Image with obvious bubbles. (c) Image that improve contrast 
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Figure 3.3 Histogram of greyscale value distribution 
3.4 Aerodynamic diameter 
The aerodynamic diameter (𝑑𝑎) is an imaginary particle size used to study the motion of 
particle. It is defined as the diameter of a unit dense spherical particle (𝜌0 = 1000𝑘𝑔/𝑚
3) which 
has the same terminal velocity of the actual particle when is performed in still air [DeCalo et al. 
2004]. For different particles which have the same aerodynamic diameter, their terminal velocity 
will be the same, which means they have the same degree of fluidization.  
The terminal velocity of a particle can be calculated using the following equation 3.3: 
𝑣𝑡 = √
4𝑔𝑑𝑝(𝜌𝑝−𝜌𝑓)
3𝐶𝐷𝜌𝑓
    (3.3) 
where 𝑑𝑝 and 𝜌𝑝 are the average diameter and density of the particles, CD is the drag coefficient.  
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3.5 Minimum fluidization velocity 
As the gas velocity increase through the particles in a fixed bed, the total bed pressure drop 
increases and the particles enter a dynamic state. In this process, the relationship between the total 
pressure drop and the superficial gas velocity is approximately linear, as shown in Fig. 3.4 [Jin et 
al. 2001]. When the total pressure drop of the fluidized bed becomes equal to the particles weight 
divided by the bed area, particles begin to fluidize. This inlet superficial gas velocity is called 
minimum fluidization velocity (Umf), after which the total pressure drop remains almost constant, 
while increasing inlet gas velocity result in the bed expansion [Jin et al. 2001].  
In general the defluidization method is used to determine the minimum fluidization velocity 
to avoid the hysteresis caused by the fluidization method. 
 
 
 
 
 
 
 
Figure 3.4 The determination of minimum fluidization velocity using the 
relationship between total pressure and superficial gas velocity 
3.6 Bubble size 
The discrimination of the bubble phase from the dense phase is based on the grayscale value 
[Mudde et al. 1994]. The grayscale value of the bubble phase is much higher than that of the 
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dense phase. The proper thresholding value is chosen from 10 to 30 in order to exclude the noise 
point. The area of the bubble is defined as the number of pixels that form the bubble. The area 
equivalent bubble diameter 𝐷𝑒 can be calculated by the following equation 3.4: 
𝐷𝑒 = 2√
𝐴𝑏
П
      (3.4) 
Each bubble is delineated as a circle with the same surface area of the bubble using the 
‘Regionprops’ software. The vertical abscissa and ordinate of the bubble position is the centroid 
of the bubble [Busciglio et al. 2008; Mudde et al. 1994]. 
3.7 Bubble rise velocity 
Bubble rise velocity was measured using the LVT method as described below. This method 
identifies and tracks the specific bubble. The process is as follows: 
(1) The horizontal and vertical coordinates of the bubble centroid in the first image are recorded 
as matrix L1 and L2, respectively. 
(2) The horizontal and vertical coordinates of the bubble center of mass in the second image are 
recorded as matrix R1 and R2, respectively. 
(3) In the second image, the center of the bubble is compared with the first bubble in the first 
image to get the bubble rising distance which is calculated by the following equation 3.5: 
Distance = √(𝑥𝑖1 − 𝑥𝑖2)2 + (𝑦𝑖1 − 𝑦𝑖2)2   (3.5) 
The distance is recorded in matrix F1. 
(4) Finding the minimum value in matrix F1, which is the bubble rising distance in unit time. Use 
the column number to find the corresponding bubble in the second image. Bubble rise 
velocity is equal to bubble rise distance over time interval (Δt), as shown in equation 3.6.  
𝑢𝑏 =
𝐷𝑖𝑠𝑡𝑎𝑛𝑐𝑒
∆𝑡
     (3.6) 
where ∆t =
1
29
𝑠. 
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3.8 Bed expansion 
Direct observation method is used in this research to measure the fluidized bed height. Six 
pictures were taken to obtain the fixed bed height (H0) and the average fluidized bed height (He). 
Bed expansion (e) is calculated by equation 3.7: 
e =
𝐻𝑒−𝐻0
𝐻0
      (3.7) 
3.9 Experimental apparatus 
Fig.3.5 shows the schematic diagram of the 2D gas-solid fluidized bed. The fluidized bed 
used to study the bubble dynamics is made of Perspex, which is consisted of a wind box, a 
sintered plastic gas distributor, a 2D fluidized bed, an expanded section with a height of 1.12m 
and a dust collector. The equipment without the expanded area is 1.5m high with a cross section 
of 0.019m*0.37m. The gas distributor is made of sintered plastic material with holes of 10 
microns. The air first goes into the wind box below the air distributor to ensure the uniform 
distribution of the inlet gas across the bed and then goes through the gas distributor to fluidized 
particles in the 2D fluidized bed. The fine particles blown away from the bed are collected in the 
dust collector. The air flow rate is controlled by a rotameter (LZB-15) ranging from 0 L/h to 6000 
L/h. A u-shape tube monometer is placed at the bottom of the bed to measure the total bed 
pressure drop. Two lights (l-33, 500 WATTS) are placed on both sides of the front of the fluidized 
bed to enhance the contrast between the bubble phase and dense phase in order to capture the 
small bubbles and reduce the specular reflection, as shown in Fig. 3.6. The bubble behavior is 
recorded by a Canon Ti3 camera directly in front of the fluidized bed, on the same side of the two 
lights. The video is recorded at a completely steady-state fluidized condition. 
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Figure 3.5 Schematic diagram of the bubbling fluidized bed 
 
 
 
 
 
 
 
 
Figure 3.6 Schematic diagram of device placement position 
26 
 
4 Result and discussion 
4.1 Minimum fluidization velocity 
Fig.4.1 and Fig.4.3 show the minimum fluidization velocities of two kinds of magnetite and 
sand binary mixtures. 
 
 
 
 
 
 
 
 
 
 
Figure 4.1 Determination of minimum fluidization velocities of binary mixtures 
using pressure drop versus superficial gas velocity in Magnetite225-Sand225 system 
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Figure 4.2 Segregation in the fluidized bed in Magnetite225-Sand225 system 
 
 
 
 
 
 
 
 
 
Figure 4.3 Determination of minimum fluidization velocities of binary mixtures 
using pressure drop versus superficial gas velocity in Magnetite225-Sand304 system 
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The results from Fig.4.1 are in agreement with Chiba and Noda findings. When sand and 
magnetite are of the same size, segregation appears in the system at a low gas velocity, as shown 
in Fig.4.2, causing the three stages in the graph of pressure drop versus superficial gas velocity. 
This is because magnetite is heavier than sand and would act as the jetsam, which tend to sink at 
the bottom. Three velocities are able to clearly explain the three stages. The first inflection point 
represents the initial fluidization velocity, meaning the lighter particles in the system have been 
fluidized. After the initial fluidization velocity, particles with the higher minimum fluidization 
velocity keep on moving until the superficial gas velocity reaches the second inflection point, 
indicating the fluidization of the heavier particles. The minimum fluidization velocity is 
determined at the intersection of the fixed bed and the horizontal line, which represents the 
suspended state [Formisani et al. 2008]. However in Fig.4.3, the three stages phenomenon is not 
obvious, which represents that particles with the same aerodynamic diameter mixed more evenly.  
For the former two types of mixtures, the curves that fit minimum fluidization velocity, 
initial fluidization velocity and complete fluidization velocity at varying sand volume fraction are 
reported in Figs.4.4 and 4.5. Minimum fluidization velocity and initial fluidization velocity can 
be reduced by adding lighter (sand) particles in the Magnetite225-Sand225 system. (Fig.4.4) In 
the Magnetite225-Sand225 system, the complete fluidization velocity will decrease at high sand 
volume fraction. This phenomenon has also been reported by B. Formisani [Formisani et al. 
2008]. It seems that large amounts of lighter particles (sand) in the system make the binary 
system behave more like a pure sand system. Ideally, the minimum fluidization velocities of 
binary mixtures and pure particles in the Magnetite225-Sand304 system will be approximately 
the same due to the same aerodynamic diameter they have. However, Fig. 4.5 shows that the 
minimum fluidization velocities of binary mixtures have slightly decreased. This may be due to 
the interaction between the sand and magnetite particles. Larger sand particles may wrap around 
the smaller magnetite particles. The minimum fluidization velocity difference between the 
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different conditions is very small, which also proves that when the aerodynamic diameter of sand 
and magnetite are the same, their fluidization behavior is similar. 
 
 
 
 
 
 
 
 
 
 
Figure 4.4 Minimum fluidization velocity, complete fluidization velocity and initial 
fluidization velocity as a function of sand volume fraction in Magnetite225-Sand225 
system 
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Figure 4.5 Minimum fluidization velocity as a function of sand volume fraction in 
Magnetite225-Sand304 system 
Many correlations have been developed for the estimation of minimum fluidization velocity, 
for both single and binary particle systems. (Wen and Yu in 1966 for single particle and Noda et 
al. in 1986 for binary particles [Wen & Yu, 1966; Noda et al. 1986].) Coltters and Rivas found a 
strong dependency of particle properties such as particle shape and size distribution and particle 
surface properties on minimum fluidization velocity [Coltters & Rivas, 2004]. 
The minimum fluidization velocity correlation for single particle system by Wen and Yu can 
be described as follows: 
𝐴𝑟 = 24.5𝑅𝑒𝑚𝑓
2 + 1650𝑅𝑒𝑚𝑓     (4.1) 
where 
𝐴𝑟 = 𝑑
3𝜌𝑔(𝜌𝑝 − 𝜌𝑔)
𝑔
𝜇2
     (4.2) 
𝑅𝑒𝑚𝑓 =
𝑑𝜌𝑔𝑢𝑚𝑓
𝜇
      (4.3) 
Noda et al. defined a particle diameter and density in a binary system to be used in the above 
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Wen and Yu’s equation for a binary system. The average particle diameter and particle density of 
binary mixtures are modified by the following equations in this study and applied in equation 4.1. 
?̅? = 𝜌𝑀𝑎𝑔𝑛𝑒𝑡𝑖𝑡𝑒𝑣𝑀𝑎𝑔𝑛𝑒𝑡𝑖𝑡𝑒 + 𝜌𝑆𝑎𝑛𝑑𝑣𝑆𝑎𝑛𝑑    (4.4) 
?̅? = √𝑑𝑀𝑎𝑔
3𝑣𝑀𝑎𝑔𝑛𝑒𝑡𝑖𝑡𝑒 + 𝑑𝑆𝑎𝑛𝑑
3𝑣𝑆𝑎𝑛𝑑
3
    (4.5) 
Noda rearranged equation 4.1 to 4.6, with average particle diameter and average particle 
density defined as 4.4 and 4.5: 
𝐴𝑟 = 𝐴𝑅𝑒𝑚𝑓
2 + 𝐵𝑅𝑒𝑚𝑓      (4.6) 
where A and B are constants: 
A = 36.2(
𝑑𝑃
𝑑𝐹
𝜌𝐹
𝜌𝑃
)−0.196     (4.7) 
B = 1397(
𝑑𝑃
𝑑𝐹
𝜌𝐹
𝜌𝑃
)0.296     (4.8) 
A comparison between experimental minimum fluidization velocities and theoretical value is 
shown in Table 4.1. 
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Table 4.1 Comparison of minimum fluidization velocity 
System 
 
Sands 
Vol. Fraction 
(%) 
Predicted Umf (m/s) Umf  of this work 
(m/s) 
Wen & Yu Noda Experimental 
 
 
Magnetite225-Sand225 
0 0.076 -- 0.099 
30.5 0.067 0.089 0.094 
54.0 0.059 0.079 0.082 
72.5 0.053 0.071 0.072 
87.5 0.048 0.065 0.061 
100 0.044 -- 0.045 
 
 
Magnetite225-Sand304 
0 0.076 -- 0.099 
30.5 0.084 0.077 0.096 
54.0 0.086 0.078 0.093 
72.5 0.084 0.077 0.097 
87.5 0.082 0.075 0.098 
100 0.079 -- 0.101 
 
Table. 4.1 shows that Wen and Yu’s equation correlate well with the experimental result of 
single particle system in both Magnetite225-Sand225 and Magnetite225-Sand304 systems.  
Noda’s equation correlates better with the results of binary systems in the Magnetite225-Sand225 
systems, which implies that particle properties have a great effect on the system and the 
hydrodynamics of binary systems are different from single component systems. However, Wen 
and Yu’s equation correlate better with the result of the binary mixtures in the Magnetite225-
Sand304 system. This may be due to the two particles of the same aerodynamic diameter having 
similar fluidization behavior and their mixtures will act more close to a single particle system. 
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4.2 Bubble size 
4.2.1 Bubble size distribution 
After the inlet gas reaches the minimum fluidization velocity, the excess gas will go into the 
dilute phase to form bubbles. Bubbles form at the bottom and then ascend and burst at the bed 
surface. Bubbles break up and coalesce continuously during this process [Horio & Nonaka, 
1987]. Bubble coalescence is the dominant factor which leads to bubble size growth with the 
distance above the gas distributor [Darton et al. 1977]. 
Bubble size distribution in axial and lateral position are shown in Fig. 4.6 and 4.7. From Fig. 
4.6, it is obvious that bubble size increases with the increasing distance above the gas distributor. 
Small bubbles disperse alongside the whole bed and the number of small bubble decrease with 
the increasing distance above the gas distributor. Large bubbles appears at higher levels. The 
sharp growth of bubble diameter at the distance of about 0.2m is mainly due to bubble 
coalescence begin to happen at that level. At the distance of about 0.5m, bubble growth become 
slower, which indicates that large bubble is harder to coalescence and the slightly increasing of 
bubble size is mainly due to the decrease bed pressure drop with the increasing distance above the 
gas distributor. From Fig. 4.7, the number of small bubbles at the edge of the fluidized bed is 
larger than that in the center region. In addition, large bubbles tend to move to the middle of the 
fluidized bed. This is because the chance of bubble coalescence is higher in the center region and 
larger bubbles tend to burst from the middle of the fluidized bed. 
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Figure 4.6 Bubble size distribution in axial position 
 
 
 
 
 
 
 
 
 
 
 
Figure 4.7 Bubble size distribution in lateral position 
4.2.2 Bubble size under different operating conditions 
A number of correlations for predicting bubble size have been reported in the literature. Mori 
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and Wen predicted a semi-empirical equation for bubble growth in fluidized beds for Geldart B 
and Geldart D solids particles [Mori & Wen, 1975]. The equations are as follow: 
𝐷𝐵𝑀−𝐷𝐵
𝐷𝐵𝑀−𝐷𝐵0
= 𝑒
−0.3ℎ
𝐷𝑡      (4.9) 
where 𝐷𝐵 is the diameter of the bubble, 𝐷𝑡 is the bed diameter, h is the height above the gas 
distributor. The initial bubble diameter 𝐷𝐵0 for a porous plate is estimated using equation 4.10: 
𝐷𝐵0 = 0.00376(𝑢0 − 𝑢𝑚𝑓)
2     (4.10) 
𝐷𝐵𝑀 is the limiting size of a bubble expected in a very deep fluidized bed and given by the 
following equation: 
𝐷𝐵𝑀 = 0.652{𝐴𝑡(𝑢 − 𝑢𝑚𝑓)}
0.4    (4.11) 
where 𝐴𝑡 is the cross sectional area of the fluidized bed [Mori & Wen, 1975]. 
Darton’s equation is widely used due to its adaptability in most conditions [Darton et al. 
1977]: 
𝐷𝑒 = 0.54𝑔
−0.2(𝑢 − 𝑢𝑚𝑓)
0.4(ℎ + 4𝐴𝐷
0.5)0.8   (4.12) 
where 𝐷𝑒 is the diameter of the sphere having the same volume of the bubble, U is the superficial 
gas velocity and U = 𝑈𝑚𝑓 at the incipient fluidization, h is the distance above the gas distributor, 
𝐴D is the ‘catchment area’ for the bubble stream at the gas distributor and is defined as the area of 
each hole on the gas distributor. 
Han et al. developed a new correlation which take bubble coalescence and splitting and 
particle properties into consideration [Han, 2017]: 
𝐷𝑒 = ∅(𝑢 − 𝑢𝑚𝑓)
0.204
(ℎ + 4𝐴𝐷
0.5)
0.759
/1.2   (4.13) 
where  
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Ф = {
0.252⁡(𝐹𝑜𝑟⁡𝐺𝑒𝑙𝑑𝑎𝑟𝑡⁡𝐵⁡𝑡𝑦𝑝𝑒⁡𝑜𝑓⁡𝑝𝑎𝑟𝑡𝑖𝑐𝑙𝑒𝑠)
0.153⁡(𝑓𝑜𝑟⁡𝐺𝑒𝑑𝑎𝑟𝑡⁡𝐴⁡𝑡𝑦𝑝𝑒⁡𝑜𝑓⁡𝑝𝑎𝑟𝑡𝑖𝑐𝑙𝑒𝑠)⁡
   (4.14) 
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Figure 4.8 Average area equivalent bubble size as a function of distance above the 
gas distributor under different excess gas velocity 
 
Fig. 4.8 also shows that the average bubble size increases with increasing distance above the 
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gas distributor, which is due to the more frequent bubble coalescence at higher levels. Average 
bubble size also increases with increasing excess gas velocity, as more gas will go to the dilute 
phase and form bubbles. Bubble size grows faster at higher excess gas velocities. It may be due to 
higher chance of coalescence at higher inlet gas flow rates. Fig. 4.9 shows the bubble size under 
different sand volume fractions and the theoretical bubble size calculated by Darton’s equation 
and Han’s equation. It is obvious that the bubble diameter calculated from Darton’s equation is 
smaller than the experimental data. However the experiment shows a good correlation with the 
bubble diameter calculated from Han’s equation. This result also indicates that bubble diameter is 
affected by particle size and densities. In addition, bubble coalescence and splitting is another 
crucial factor that may affect bubble diameter. Furthermore, Fig.4.9 also shows that bubble size 
can be reduced by adding light particles (sand).  
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Figure 4.9 Average area equivalent bubble size of single-component particles and 
binary mixtures 
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4.2.3 Excess gas velocity, sands volume fraction and sand size 
effects on bubble size  
Fig. 4.10 shows the bubble size as a function of excess gas velocity at the same distance 
above the gas distributor. It is evident that bubble size increases with increasing excess gas 
velocity, which is in agreement with Fig. 4.8. Comparing with Fig. 4.10 (a), (b) and (c), a sharper 
increase in bubble size can be observed at higher levels, which indicates more gas will move into 
bubbles under high gas velocity where the tendency of bubbles to coalescence is high.  
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Figure 4.10 Average area equivalent bubble size as a function of excess gas velocity 
at different distance above the gas distributor 
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Fig. 4.11 shows the effect of sand volume fraction on bubble diameter. Since the particles 
flow characteristics in the Magnetite225-Sand304 system are very similar, the variation in sand 
volume fraction can slightly affect the bubble diameter. In addition, adding lighter particles (sand) 
into the system can reduce the bubble diameter. When the volume fraction of sand and magnetite 
are identical, bubble diameter is at its smallest. This may be because that larger sand particles 
wrap around the smaller magnetite particle, this process can not only reduce the particle density 
but also mix the two particles more evenly. In addition, the minimum fluidization velocity of the 
system with sand volume fraction of 54% is the smallest value, indicating that this system is 
fluidized more easily compared to other systems and leads to the smallest bubble size. Larger 
amounts of sand or magnetite particles in the system making the binary system behave more like 
a pure particle system, which makes bubble size in these conditions to be closer to the pure 
particle condition.  
 
 
 
 
 
 
 
 
 
 
43 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Figure 4.11 Average area equivalent bubble size as a function of sand volume 
fraction at different distance above the gas distributor 
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However, previous research shows that in the Magnetite225-Sand225 system, bubble size 
will keep decreasing while adding light particles (sand) [Han, 2017]. When two particles of the 
same size are in a system with decreasing amounts of sand, the bed density increases, which will 
increase the downward force acting on the bubbles. Larger bubbles have larger surface area, 
which can reduce the resistance acting on the bubble. This can cause the larger bubbles to ascend 
more easily. However, in the Magnetite225-Sand304 system, when sand volume fraction is 
higher, average particle size is larger while average particle density is lower. Both higher particle 
density and larger particle size will form larger bubbles. In the Magnetite225-Sand304 system, 
when sand volume fraction decreases to 54%, average particle diameter becomes smaller with the 
decrease of sand while average particle density become higher with the increase of magnetite. 
High amount of sane play a significant role in decreasing bubble size. When the sand amount 
decreases from 54% to 0%, magnetite particles play a more dominant role. The increasing amount 
of magnetite will lead to a higher average particle density, which leads to bubble size increase. In 
addition, it has been found that when sand volume fraction decreases from 54% to 0%, the rate of 
growth in bubble size first increases and then decreases. This may be due to the large amount of 
magnetite compared to the amount of sand and adding sand will only have a slight effect on 
bubble size. When sand exceeds a certain amount, the effect of sand on bubble size becomes 
significant.  
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Figure 4.12 Average area equivalent bubble size as a function of excess gas velocity 
in different systems 
  
Fig. 4.12 shows the graph of bubble diameter against excess gas velocity in different 
systems. It is obvious that in the Magnetite225-Sand304 system, gas velocity has a greater effect 
on bubble diameter compared to the Magnetite255-Sand304 system. In the Magnetite225-
Sand304 system, sand and magnetite has similar fluidization behavior because of the same 
aerodynamic diameter, and thus inlet gas velocity has little effect on the bubble size. While in the 
Magnetite225-Sand225 system, magnetite begins to fluidize with an increasing gas velocity and 
give rise to larger bubble diameter.  
4.3 Bubble rise velocity 
4.3.1 Bubble rise velocity under different operating conditions 
A volume average bubble velocity is defined, which combines the bubble diameter with the 
bubble rise velocity, and is calculate by equation 4.15. 
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𝑢𝑏 =
∑ 𝑢𝑏𝑖𝑑𝐵𝑖
2𝑛
𝑖=0
∑ 𝑑𝐵𝑖
2𝑛
𝑖=0
      (4.15) 
In the 2-D fluidized bed, bubble is squeezed into a two dimensional state, so that the bubble 
volume is proportional to⁡𝑑𝐵
2.  
Figs. 4.13 and 4.14 illustrate that the volume average bubble rise velocity increases with the 
distance above the gas distributor, and it is proportional to the excess gas velocity. In addition, 
adding light particles (sand) can reduce the bubble rise velocity and this pattern completely 
matches with the bubble size pattern. According to the bubble rise velocity equation of Davidson 
and Harrison as shown below, bubble rise velocity is a function of bubble diameter and excess 
gas velocity and the results are in agreement with the above conclusion [Davidson & Harrison, 
1963].  
𝑢𝑏 = 0.71√𝑔𝐷𝑒 + (𝑢 − 𝑢𝑚𝑓)     (4.16) 
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Figure 4.13 Average bubble rise velocity as a function of distance above the gas 
distributor under different excess gas velocity 
 
 
 
 
 
 
 
 
 
 
 
 
 
49 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Figure 4.14 Average bubble rise velocities of single-component particle and binary 
mixtures 
4.3.2 Distance above the gas distributor and bubble size effect on 
bubble rise velocity 
Fig. 4.15 shows the effect of distance above the gas distributor on bubble rise velocity and 
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Fig. 4.16 shows the effect of bubble size on bubble rise velocity in the same section. From Fig. 
4.15, when the bubble size is small, bubble rise is approximately distributed in the same range 
and remains unchanged alongside the whole bed. When bubble size increases, the bubble rise 
velocity also increases. For bubble size larger than 6cm, bubble rise velocity disperse more 
widely at higher levels. Fig. 4.16 clearly shows bubble rise velocity increases with the increasing 
bubble size and it can also illustrate that the effect of height for the same bubble size is negligible. 
These two Figures show that the increase in bubble rise velocity with respect to distance above 
the gas distributor is mainly due to the increase in bubble size. 
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Figure 4.15 Bubble rise velocities of a single bubble with the same bubble diameter 
at different distance above the gas distributor 
 
 
52 
 
 
 
 
 
 
 
 
 
 
Figure 4.16 The relationship between bubble rise velocity and corresponding area 
equivalent bubble size in the same bed section 
 
Fig. 4.17 shows the correlation between the bubble rise velocities and bubble diameter under 
different excess gas velocities. The red line is the theoretical value calculated using equation 4.16. 
This figure clearly shows that the experimental bubble rise velocities is in agreement with the 
theoretical values. In addition, it also shows that the average bubble rise velocity is increasing 
with the bubble diameter and the excess gas velocity. In the gas-solid fluidized system, bubble 
rise velocity is affected by both buoyancy and friction from particles. Both larger bubble diameter 
and higher gas velocity can reduce the resistance acting on the bubble, which leads to higher 
bubble rise velocity.  
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Figure 4.17 Average bubble rise velocity as a function of average area equivalent 
bubble size under different excess gas velocity and a comparison between 
experimental data and theoretical value 
4.3.3 Bubble volume fraction 
In bubbling fluidization, the fluidized bed is divided into dense and bubble phases. The 
apparent gas velocity in the fluidized bed which exceeds the minimum fluidization velocity will 
form bubbles. The volumetric flow of bubble can be estimated using equation 4.17: 
𝐺𝑏 = (𝑢𝑔 − 𝑢𝑚𝑓)𝐴     (4.17) 
where 𝐺𝑏 is the volumetric flow rate of bubble phase and A is the cross-sectional area of the 
fluidized bed. 
The volume of bubble phase in gas-solid bubbling fluidized bed is: 
𝑑𝑉𝑏 = 𝐺𝑏
𝑑ℎ
𝑢𝑏
      (4.18) 
where 𝑢𝑏 is the bubble rise velocity and dh is the fluidized bed unit height. It is assumed that the 
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inlet and outlet gas volumetric flow rates are equal in the fluidized bed. In addition, in the 
fluidized bed, the overall volumetric flow rate of gas in dense phase and bubble phase in the axial 
position is stable. Therefore, the bubble phase volumetric flow rate 𝐺𝑏 is constant in the fluidized 
bed in axial position and has no relationship with the distance above the gas distributor. However, 
bubble characteristics are closely related to the bed height. According to chapter 4.2.2, bubble 
size is increasing with the increasing distance above the gas distributor. Meanwhile, according to 
chapter 4.3.1, bubble rise velocity is proportional to bubble size, which is also increasing with the 
axial position. Therefore, in this research a volume average bubble rise velocity is defined as 
shown as equation 4.15. The total volume of bubble phase in the fluidized bed is obtained by 
integrating the bubble volume in the axial position.  
𝑉𝑏̅̅ ̅ = ∫ 𝐺𝑏
𝐻
0
𝑑ℎ
𝑢𝑏
= 𝐺𝑏
𝐻
𝑢𝑏̅̅ ̅̅
     (4.19) 
where H is the bed height under bubbling fluidized state and 𝑢𝑏̅̅ ̅ is the volume average bubble rise 
velocity. Bubble volume fraction is the percentage of bubble volume in unit volume of the 
fluidized bed: 
Bubble⁡Volume⁡Fraction =
𝑑𝑉𝑏
𝐴𝑑ℎ
=
𝐺𝑏
𝐴𝑢𝑏̅̅ ̅̅
    (4.20) 
Bubble volume fraction as a function of distance above the gas distributor are shown in Fig. 
4.18. Bubble volume fraction decrease with the distance above the gas distributor. At higher level, 
larger bubbles appear and it has larger bubble rise velocity as shown in Figs. 4.8 and 4.13. The 
total bubble volume throughout the fluidized bed remains approximately the same because of the 
equilibrium state of bubble coalescence and splitting. Therefore, in the unit time large bubble has 
smaller bubble volume fraction due to its high rise velocity.  
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Figure 4.18 Bubble volume fractions as a function of distance above the gas 
distributor under different sand volume fractions 
4.4 Bubble coalescence and splitting 
4.4.1 Bubble size and bubble total volume changing during bubble 
coalescence 
Bubbles were selected randomly at different conditions. Each process focused on two 
bubbles. Bubble diameter change and bubble volume change while coalescence are shown in Fig. 
4.19 and 4.20 and the corresponding original figure is shown in Fig. 4.21. The black line in Fig. 
4.19 and 4.20 represents the bubble diameter and bubble total volume after coalescence. The data 
before the black line represented the two bubble characteristics before coalescence. Comparing 
bubble characteristics before and after coalescence, bubble diameter will increase because of the 
combination of two or more bubbles. Bubble diameter and bubble volume have a slight increase 
before coalescence because of the lower pressure drop at higher distance above the gas 
distributor. Bubble volume experiences a significant increase after coalescence which may be due 
to small bubbles that cannot be captured by the image coalescence with the two main bubbles. 
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Figure 4.19 Bubble size changing during bubble coalescence 
 
Figure 4.20 Bubble total volume changing during bubble coalescence 
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Figure 4.21 Original images from bubble coalescence 
4.4.2 Bubble size and bubble total volume changing during bubble 
splitting 
The changes in bubble diameter and total bubble volume while bubbles are splitting are 
shown in Figs.4.22 and 4.23 and the corresponding original Figure is shown in Fig. 4.24. The 
black line represents the bubble right before splitting. In the bubble splitting process, bubble 
diameter and total bubble volume have slightly increased before and after splitting, which is due 
to the lower pressure drop at the higher distance above the gas distributor. This phenomenon has 
also been found in the bubble coalescence process. Bubble diameter will decrease because the 
bubble splits into two or more bubbles. The total bubble volume will have slightly decrease. This 
may be due to the bubble split into some smaller bubbles that cannot be captured by image or the 
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excess gas goes into the dense phase. 
 
 
 
 
 
 
 
 
 
Figure 4.22 Bubble diameter changing during bubble splitting 
 
 
 
 
 
 
 
 
 
Figure 4.23 Bubble total volume changing during bubble splitting 
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Figure 4.24 Original images of bubble splitting 
4.5 Bed expansion 
Bed expansion depends on bubble growth, which is proportional to excess gas velocity, as 
shown in Fig. 4.25. In addition, the binary mixtures have lower bed expansion, which may be due 
to the smaller magnetite particles filled in the void formed by the larger sand particles and make 
the mixture harder to expand. The bed expansion is at its smallest when the amount of sand and 
magnetite are almost identical. For the binary mixtures which amounts of two particles are 
different, the system which has smaller bubble diameter has a higher bed expansion. This may be 
because the large number of small bubbles inside the fluidized bed will cause a higher bed 
expansion. 
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Figure 4.25 Bed expansion as a function of excess gas velocity 
4.6 Dense phase composition and the estimation of bed 
density 
A new method used to determine the dense phase composition at different distance above the 
gas distributor was employed. Fig. 4.26 shows the sand volume fraction under different 
superficial gas velocities. At lower level, sand volume fraction slightly increases and then remains 
relatively constant. With the increasing gas velocity, sand volume fraction distribution curve 
becomes more flat and closer to the average sand volume fraction line. This result indicates that 
light particles (sand) tend to float to the surface due to its lower density. In addition, high inlet gas 
velocity can enhance particles moving and make particles mix perfectly. 
Through the measurement of sand volume fraction in different layers of the fluidized bed, 
the bed density can be approximately obtained in different layers.  
𝜌𝑏𝑒𝑑 = 𝜌𝑑𝑒𝑛𝑠𝑒⁡ (
𝑉𝑑𝑒𝑛𝑠𝑒
𝑉𝑡𝑜𝑡𝑎𝑙
) + 𝜌𝑏𝑢𝑏𝑏𝑙𝑒⁡(
𝑉𝑏𝑢𝑏𝑏𝑙𝑒
𝑉𝑡𝑜𝑡𝑎𝑙
)    (4.21) 
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It is assumed that bubble density close to pure gas density and total gas volume in the 
fluidized bed can be estimated from the total bed expansion: 
𝑉𝑡𝑜𝑡𝑎𝑙⁡𝑔𝑎𝑠 = (
𝐻𝑒−𝐻0
𝐻0
)𝑉𝑡𝑜𝑡𝑎𝑙      (4.22) 
Substituting dense phase density and bubble phase density into equation 4.21, the average 
bed density can be estimated. 
𝜌𝑏𝑒𝑑 = 𝜌𝑝𝑎𝑟𝑡𝑖𝑐𝑙𝑒 (
𝑉𝑝𝑎𝑟𝑡𝑖𝑐𝑙𝑒
𝑉𝑡𝑜𝑡𝑎𝑙
) + 𝜌𝑔𝑎𝑠 (
𝑉𝑔𝑎𝑠⁡𝑖𝑛⁡𝑑𝑒𝑛𝑠𝑒
𝑉𝑡𝑜𝑡𝑎𝑙
) + 𝜌𝑔𝑎𝑠 (
𝑉𝑏𝑢𝑏𝑏𝑙𝑒
𝑉𝑡𝑜𝑡𝑎𝑙
) 
= 𝜌𝑝𝑎𝑟𝑡𝑖𝑐𝑙𝑒 (
𝑉𝑝𝑎𝑟𝑡𝑖𝑐𝑙𝑒
𝑉𝑡𝑜𝑡𝑎𝑙
) + 𝜌𝑔𝑎𝑠 (
𝑉𝑡𝑜𝑡𝑎𝑙⁡𝑔𝑎𝑠⁡𝑣𝑜𝑙𝑢𝑚𝑒
𝑉𝑡𝑜𝑡𝑎𝑙
) 
=
𝜌𝑝𝑎𝑟𝑡𝑖𝑐𝑙𝑒 (𝑉𝑡𝑜𝑡𝑎𝑙 − (
𝐻𝑒 − 𝐻0
𝐻0
)𝑉𝑡𝑜𝑡𝑎𝑙) + 𝜌𝑔𝑎𝑠 (
𝐻𝑒 −𝐻0
𝐻0
)𝑉𝑡𝑜𝑡𝑎𝑙
𝑣𝑡𝑜𝑡𝑎𝑙
 
= 𝜌𝑏𝑢𝑙𝑘⁡𝑠𝑎𝑛𝑑𝑉𝑜𝑙.𝑠𝑎𝑛𝑑+ 𝜌𝑏𝑢𝑙𝑘⁡𝑚𝑎𝑔𝑉𝑜𝑙.𝑚𝑎𝑔+ 𝜌𝑔𝑎𝑠
𝐻𝑒−𝐻0
𝐻0
    (4.23) 
Fig. 4.27 shows that bed density is higher at the bottom due to the larger amount of 
magnetite in the region. With increasing distance above the gas distributor, bed density first 
decreases then remains stable. Fig. 4.28 shows that adding light particles (sand) can efficiently 
reduce the bed density and can cover a wide range of fluidized bed density. 
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Figure 4.26 Sand volume fraction changes with the distance above the gas 
distributor under difference superficial gas velocity 
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Figure 4.27 Bed density changes with the distance above the gas distributor under 
different superficial gas velocity 
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Figure 4.28 Bed density of different binary mixtures 
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5 Conclusion 
(1) The three stages of fluidization have been found in binary mixtures (Magnetite225-Sand225) 
gas-solid systems. The minimum fluidization velocities can be reduced by adding light particles 
into the bed. However in Magnetite225-Sand304 system, which particles have the same 
aerodynamic diameter, the three stages of fluidization disappear and the minimum fluidization 
velocities changes slightly with the addition of the light particle. The fluidization behaviors of 
different component in Magnetite225-Sand304 system are similar. 
(2) Bubble diameter of binary mixtures increases with the distance above the gas distributor and 
the excess gas velocity. However unlike Magnetite225-Sand304 system, bubble diameter is at its 
smallest when the volume fraction of two particles are identical. Therefore a change in sand 
volume fraction can reduce the bubble diameter without changing the fluidization behavior. 
(3) Average bubble rise velocity increases with the distance above the gas distributor and excess 
gas velocity. Bubble rise velocity of a single bubble with no change in size is proportional to the 
corresponding bubble diameter but has no relationship with the bubble location. The increase in 
average bubble rise velocity with respect to distance above the gas distributor is mainly due to the 
increase in bubble size. The system, in which the amount of two particles are almost identical 
have the lowest bubble rise velocity while the single component system have the highest bubble 
rise velocity. 
(4) Both bubble volume fraction decrease with the distance above the gas distributor because of 
large bubbles appearing at the higher levels having higher rise velocity. The growth pattern of 
bubble volume fraction completely matches that of the bubble size. 
(5) The system, in which the amounts of the two component are identical has the lowest bed 
expansion while the single-component systems have higher bed expansion. 
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(6) It is feasible to trace particle composition using digital image analysis technology. It is found 
that the heavier particle (Magnetite) tends to sink to the bottom at lower superficial gas velocity 
while the two particles can complete mixing at higher superficial gas velocity. In addition, 
according to the estimation of bed density based on the particle composition, binary fluidization 
systems have the ability to control the bed density and the bed density decrease with increasing 
volume fraction of light particles.  
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6 Recommendation and future work 
6.1 Recommendation 
(1) In this work, some small bubbles (bubble size smaller than 1cm) cannot be clearly captured by 
the digital image. The first reason is because bubble size is smaller than the width of the fluidized 
bed, which cause bubbles go upwards in the center and cannot be observed at the surface. The 
second reason is because the camera resolution is not high enough to capture small bubbles. It is 
necessary to enhance the fluidized bed and camera, by reducing the width of the fluidized bed and 
increase the camera resolution.  
(2) Different colors of two particles will create differences between the fixed bed image and the 
fluidized bed image, which may lead to higher noise points in the black and white binary pictures. 
Furthermore, because of the deep color of the particles and the thick fluidized bed, light cannot 
transmit through the fluidized bed from the back to the front. Higher light intensities need to be 
given in front of the fluidized bed, which may lead to light reflection in some places. It is 
necessary to use some light color particles and particles of similar colors in the future work.  
(3) The length of the fluidized bed is too long and the air inlet is on the left, which cause the 
slight non-uniformity in inlet gas distribution. It is necessary to reduce the length of the fluidized 
bed and install the air inlet in the middle of the bottom of the fluidized bed. 
(4) The non-uniformity color of the sand particles and the voidage between the particles will 
cause experimental errors in tracing particle compositions. It is necessary to change sand into 
some other particles with a uniform color and a distinct color difference from magnetite particles 
such as glass bead. 
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6.2 Future work 
(1) More detailed experiments should be carried out to study the effect of particles segregation on 
minimum fluidization velocity and the three stages in the graph of pressure drop verses 
superficial gas velocity (Fig. 4.1). The relationship between the initial fluidization velocity, 
minimum fluidization velocity, complete fluidization velocity and particle segregation degree 
should be investigated.  
(2) More kinds of particles mixtures with the same aerodynamic diameters can be used in future 
experiments to study the bubble dynamics in fluidized bed. Furthermore, mixture of particles can 
be divided into two categories after this work: particles with the same aerodynamic diameter and 
particles with different aerodynamic diameters. The new equations of the estimation of bubble 
size can be based on the particle aerodynamic diameter.  
(3) More specific experiments can be carried out to study bubble size, total bubble volume and 
bubble rise velocity changes during bubble coalescence and split.  
(4) More systematic experiments of tracing dense phase composition can be done in the future. It 
is necessary to develop a correlation between the greyscale value and particle concentration 
which can eliminate the effect of voidage between particles on experiment results and improve 
the accuracy of the experiments. More types of binary mixtures can be used to study their mixing 
and segregation conditions using the methodology of tracing particle composition introduced in 
this paper.  
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Appendices 
Appendix A Calibration curve of gas rotameter 
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Appendix B Examples for error analysis 
In order to ensure the accuracy of the experiments, we repeated some experiments. A few 
examples are selected randomly to perform the error analysis. Example of error bars of the 
minimum fluidization velocity of different conditions in Magnetite225-Sand304 system is shown 
in Appendix B1. This experiment is repeated for three times. 
 
 
 
 
 
Figure B1. Minimum fluidization velocities in Magnetite225-Sand304 system with 
error bars 
 
The bed expansion of pure magnetite in Magnetite225-Sand304 system with error bars is 
shown in Appendix B2. The measurement of bed height is repeated for six times. 
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Figure B2. Bed expansion of pure magnetite in Magnetite225-Sand304 system with 
error bars. 
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Appendix C Initial fluidization velocity, complete fluidization velocity and minimum 
fluidization velocity 
 
 
 
 
 
 
 
Magnetite225-Sand225 
Vol. of 
Sand (%) 
Initial fluidization 
velocity (m/s) 
Complete fluidization 
velocity (m/s) 
Minimum fluidization 
velocity (m/s) 
0 0.09874 0.09874 0.09874 
30.5 0.088673 0.121055 0.093655 
54 0.074692 0.124169 0.08203 
72.5 0.065009 0.12832 0.072352 
87.5 0.059092 0.09189 0.061376 
100 0.045 0.045 0.045 
Magnetite225-Sand304 
Vol. of Sand (%) Minimum fluidization velocity (m/s) 
0 0.09874 
30.5 0.0956 
54 0.092824 
72.5 0.097183 
87.5 0.097599 
100 0.100608 
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Appendix D Average area equivalent bubble diameter 
Magnetite225-Sand304 (30.5%) Magnetite225-Sand304 (54.0%) 
Axial 
position 
0.016 0.043 0.071 Axial 
position 
0.016 0.043 0.071 
0.025 0.0136 0.0151 0.014 0.025 0.0136 0.0142 0.0166 
0.075 0.0147 0.0179 0.0162 0.075 0.0145 0.0144 0.0181 
0.125 0.0220 0.0232 0.0273 0.125 0.0173 0.0214 0.0258 
0.175 0.0272 0.0306 0.0365 0.175 0.0231 0.0272 0.0314 
0.225 0.0324 0.0392 0.0438 0.225 0.0272 0.0336 0.0367 
0.275 0.0356 0.0446 0.0504 0.275 0.0300 0.0390 0.0431 
0.325 0.0411 0.0499 0.0593 0.325 0.0377 0.0428 0.0495 
0.375 0.0454 0.0571 0.0670 0.375 0.0410 0.0461 0.0555 
0.425 0.0537 0.0622 0.0732 0.425 0.0437 0.0521 0.0634 
0.475 0.0558 0.0665 0.0801 0.475 0.0495 0.0577 0.0710 
0.525 0.0595 0.0751 0.0896 0.525 0.0545 0.0644 0.0770 
 
Magnetite225-Sand304 (72.50%) Magnetite225-Sand304 (87.50%) 
Axial 
position 
0.016 0.043 0.071 Axial 
position 
0.016 0.043 0.071 
0.025 0.0150 0.0144 0.0144 0.025 0.0137 0.014 0.0165 
0.075 0.0157 0.0157 0.0181 0.075 0.0167 0.0171 0.0174 
0.125 0.0188 0.021 0.0240 0.125 0.0207 0.0225 0.0263 
0.175 0.0245 0.0263 0.0286 0.175 0.0267 0.0277 0.0331 
0.225 0.0292 0.0334 0.0352 0.225 0.0300 0.0361 0.0374 
0.275 0.0338 0.0378 0.0415 0.275 0.0362 0.0410 0.0444 
0.325 0.039 0.0437 0.0487 0.325 0.0414 0.0463 0.0549 
0.375 0.0428 0.0481 0.0567 0.375 0.0449 0.0521 0.0613 
0.425 0.0476 0.0570 0.0666 0.425 0.0514 0.0584 0.0714 
0.475 0.0512 0.0604 0.0730 0.475 0.0544 0.065 0.0772 
0.525 0.0553 0.0667 0.0808 0.525 0.0569 0.0696 0.0830 
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Magnetite225 Sand304 
Axial 
position 
0.016 0.043 0.071 Axial 
position 
0.016 0.043 0.071 
0.025 0.0171 0.0196 0.021 0.025 0.0118 0.0171 0.0168 
0.075 0.0188 0.0238 0.0281 0.075 0.0173 0.0209 0.0220 
0.125 0.024 0.0298 0.0342 0.125 0.0219 0.0252 0.0328 
0.175 0.0315 0.0379 0.0404 0.175 0.0255 0.0339 0.0367 
0.225 0.0363 0.0495 0.0516 0.225 0.0347 0.0438 0.0419 
0.275 0.0431 0.0523 0.0579 0.275 0.0420 0.0473 0.0530 
0.325 0.0478 0.055 0.0672 0.325 0.0443 0.0536 0.0625 
0.375 0.0515 0.0595 0.0781 0.375 0.0510 0.0593 0.0712 
0.425 0.0604 0.0683 0.0815 0.425 0.0575 0.0634 0.0777 
0.475 0.0672 0.0735 0.0889 0.475 0.0639 0.0700 0.0868 
0.525 0.0710 0.0811 0.0982 0.525 0.0704 0.0788 0.0944 
 
 
0 30.5 54.0 72.5 87.5 100 
0.45 0.08520 0.07665 0.06720 0.06980 0.07430 0.08225 
0.45 0.07090 0.06435 0.05490 0.05870 0.06170 0.06670 
0.45 0.06490 0.05475 0.04660 0.04940 0.05290 0.06070 
0.35 0.07265 0.06315 0.05250 0.05270 0.05810 0.06685 
0.35 0.05725 0.05350 0.04445 0.04590 0.04920 0.05645 
0.35 0.05020 0.04325 0.03935 0.04090 0.04315 0.04765 
0.25 0.05475 0.04710 0.03990 0.03835 0.04090 0.04745 
0.25 0.05090 0.04190 0.03630 0.03560 0.03855 0.04555 
0.25 0.04070 0.03400 0.02860 0.03150 0.03310 0.03835 
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Appendix E Average bubble rise velocity 
Magnetite225-Sand304 (30.5%) Magnetite225-Sand304 (54.0%) 
Axial 
position 
0.016 0.043 0.071 Axial 
position 
0.016 0.043 0.071 
0.025 0.3276 0.3383 0.3403 0.025 0.2465 0.2350 0.3128 
0.075 0.3420 0.3603 0.3626 0.075 0.2665 0.2850 0.3261 
0.125 0.3633 0.4012 0.4432 0.125 0.3011 0.3374 0.3820 
0.175 0.3840 0.4183 0.4703 0.175 0.3231 0.3668 0.4307 
0.225 0.4121 0.4632 0.5040 0.225 0.3454 0.3820 0.4500 
0.275 0.4224 0.4859 0.5521 0.275 0.3520 0.4150 0.4745 
0.325 0.4500 0.4883 0.6000 0.325 0.3910 0.4428 0.4930 
0.375 0.4620 0.5143 0.6254 0.375 0.4090 0.4535 0.5062 
0.425 0.4995 0.5614 0.6513 0.425 0.4376 0.4775 0.5620 
0.475 0.5340 0.5734 0.6700 0.475 0.4547 0.5010 0.5650 
0.525 0.5682 0.6360 0.6900 0.525 0.4984 0.5468 0.6100 
 
Magnetite225-Sand304 (72.5%) Magnetite225-Sand304 (87.5%) 
Axial 
position 
0.016 0.043 0.071 Axial 
position 
0.016 0.043 0.071 
0.025 0.2430 0.2678 0.3230 0.025 0.2970 0.2871 0.3454 
0.075 0.2952 0.3291 0.3461 0.075 0.3184 0.3327 0.3680 
0.125 0.3260 0.3700 0.3956 0.125 0.3426 0.3779 0.4257 
0.175 0.3356 0.4083 0.4574 0.175 0.3581 0.4177 0.4759 
0.225 0.3532 0.4145 0.4678 0.225 0.3680 0.4379 0.4959 
0.275 0.3670 0.4345 0.4980 0.275 0.3911 0.4613 0.5125 
0.325 0.3994 0.4577 0.5023 0.325 0.4150 0.4769 0.5500 
0.375 0.4321 0.4790 0.5320 0.375 0.4414 0.5020 0.5803 
0.425 0.4517 0.4908 0.5997 0.425 0.4589 0.5340 0.6270 
0.475 0.4780 0.5072 0.6392 0.475 0.4833 0.5408 0.6461 
0.525 0.5107 0.5700 0.6581 0.525 0.5290 0.6083 0.6704 
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Magnetite225 Sand304 
Axial 
position 
0.016 0.043 0.071 Axial 
position 
0.016 0.043 0.071 
0.025 0.3484 0.3580 0.4550 0.025 0.3417 0.3443 0.3541 
0.075 0.3734 0.3924 0.5180 0.075 0.3663 0.3814 0.4431 
0.125 0.3854 0.4410 0.5345 0.125 0.3812 0.4170 0.4635 
0.175 0.4106 0.4734 0.5881 0.175 0.4008 0.4425 0.5124 
0.225 0.4562 0.5050 0.5963 0.225 0.4269 0.4870 0.5600 
0.275 0.4846 0.5248 0.6169 0.275 0.4377 0.5046 0.6035 
0.325 0.4945 0.5415 0.6500 0.325 0.4791 0.5050 0.6000 
0.375 0.5253 0.5601 0.6793 0.375 0.4950 0.5469 0.6422 
0.425 0.5500 0.5864 0.7250 0.425 0.5200 0.5620 0.6914 
0.475 0.5788 0.6142 0.7830 0.475 0.5501 0.5833 0.7253 
0.525 0.6000 0.6651 0.8061 0.525 0.5800 0.6445 0.7000 
 
 
 
 
 
 
 
 
 
 
 
87 
 
Appendix F Bed expansion 
 
0.071 0.043 0.016 
0 0.215152 0.143659 0.090629 
30.5 0.151646 0.105373 0.055748 
54.0 0.133118 0.081314 0.026817 
72.5 0.164271 0.108626 0.054313 
87.5 0.183135 0.123225 0.055650 
100 0.191964 0.133185 0.063740 
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Appendix G Dense phase composition and bed density 
87.5% 0.093 0.112 0.132 
0.06 74.28 77.91297 3.43 80.31 82.11944 8.16 79.18 82.74513 4.82 
0.18 80.21 84.133 6.39 86.01 87.94787 6.56 81.06 84.70978 4.14 
0.3 87.34 91.61172 0.97 87.49 89.46121 7.34 82.06 85.75481 4.57 
0.42 87.27 91.5383 5.22 87.54 89.51234 5.98 86.71 90.61418 7.42 
0.54 88 92.304 1.99 86.51 88.45913 6.99 89.64 93.6761 5.07 
72.5% 0.103 
  
0.119 
  
0.138 
  
0.06 62.74 57.43245 4.16 72.95 66.78716 4.58 73.58 66.51559 3.4 
0.18 74.19 67.91383 4.78 79.57 72.8479 4.46 80.12 72.42768 6.01 
0.3 86.23 78.93529 1.35 80.51 73.70849 3.06 81.54 73.71135 4.97 
0.42 85.39 78.16635 8.11 81.15 74.29442 2.02 81.5 73.67519 5.41 
0.54 87.45 80.05208 7.77 81.77 74.86204 4.24 84.22 76.13404 5.93 
54.0% 0.099 
  
0.111 
  
0.122 
  
0.06 55.57 48.63658 7.37 56.6 49.03263 2.75 57.91 50.52249 4.85 
0.18 59.82 52.35632 4.37 61.75 53.49408 6.74 62.18 54.24777 3.41 
0.3 63.84 55.87474 4.21 62.94 54.52498 6.09 62.08 54.16053 3.24 
0.42 64.22 56.20733 3.07 64.9 56.22293 7.3 62.2 54.26522 3.07 
0.54 65.04 56.92502 4.31 65.48 56.72538 7.02 65.11 56.80399 2.36 
30.5% 0.099 
  
0.111 
  
0.122 
  
0.06 40.4 27.45507 3.54 41.22 27.46679 3.78 37.47 26.72798 2.11 
0.18 40.03 27.20362 5.08 45.39 30.24546 4.08 40.71 29.03913 3.47 
0.3 46.14 31.35586 3.42 47.35 31.55149 3.09 42.85 30.56563 2.89 
0.42 48.7 33.09559 5.74 47.32 31.5315 5.49 45.38 32.37032 2.72 
0.54 49.133 33.38985 6.83 47.58 31.70475 5.21 47.38 33.79695 3.71 
 
 
89 
 
87.5%  0.093  0.113  0.132 
0.06 1801.426871 1679.330 1605.337 
0.18 1736.298002 1621.014 1586.476 
0.3 1657.989599 1605.872 1576.444 
0.42 1658.758406 1605.361 1529.794 
0.54 1650.740855 1615.898 1500.399 
72.5%  0.103  0.119  0.138 
0.06 1970.787543 1548.017 1502.070 
0.18 1863.495093 1496.804 1453.668 
0.3 1750.674037 1489.532 1443.159 
0.42 1758.545274 1484.581 1443.455 
0.54 1739.242003 1479.785 1423.325 
54.0%  0.987  0.111  0.123 
0.06 2102.429796 2054.058 1999.419 
0.18 2063.583648 2008.449 1962.072 
0.3 2026.839763 1997.910 1962.947 
0.42 2023.366460 1980.552 1961.898 
0.54 2015.871439 1975.416 1936.446 
30.5%  0.987  0.111  0.123 
0.06 2284.440740 2237.994 2203.642 
0.18 2287.022330 2210.044 2180.828 
0.3 2244.391206 2196.907 2165.759 
0.42 2226.529393 2197.108 2147.944 
0.54 2223.508235 2195.365 2133.862 
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Appendix H MATLAB program of analyzing bubble diameter and bubble location 
 
clc 
clear all 
close all 
cd('F:\sand 304um\Fe 60cm\2.2') 
files=dir('*.bmp'); 
m=numel(files); 
for i=1:m 
    c= imread(files(i).name); 
    d=rgb2gray(c); 
end 
cd('F:\sand 304um\Fe 60cm\7.05') 
files=dir('*.bmp'); 
n=numel(files); 
  
i=1 
  
for  i=12 
    a = imread(files(i).name); 
    a2=rgb2gray(a); 
    bw=(d-a2)>15;     
    figure 
    imshow(bw) 
    [r,t]=size(bw); 
    bw1=bw(1:(0.82*r),1:t); 
    %title('Image with Circles') 
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    %stats = regionprops('table',bw1,'Centroid',... 
        %'MajorAxisLength','MinorAxisLength'); 
    %centers=stats.Centroid; 
    diameters(1:size(stats.Centroid,1),i)= mean([stats.MajorAxisLength stats.MinorAxisLength],2); 
    radii(1:size(stats.Centroid,1),i)= diameters(1:size(stats.Centroid,1),i)/2; 
    viscircles(stats.Centroid,radii(1:size(stats.Centroid,1),i)); 
           h_centers(1:size(stats.Centroid,1),i)=centers(:,1); 
           v_centers(1:size(stats.Centroid,1),i)=centers(:,2); 
           [a,b]=size(diameters); 
           diameter=zeros(a,b); 
    for e=1:a 
       for j=1:b 
           if (diameters(e,j)>31.15) 
               diameter(e,j)=diameters(e,j); 
               D=diameter(diameter>0); 
               h_center(e,j)=h_centers(e,j); 
               h=h_center(h_center>0); 
               v_center(e,j)=v_centers(e,j); 
               v=v_center(v_center>0); 
                
           else 
               h_centers(e,j)=0; 
               v_centers(e,j)=0; 
           end 
  
       end 
    end  
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        disp('h:'); 
disp(h); 
disp('v:'); 
disp(v); 
end 
xlswrite('mixture150-300um40 60cm 1.63v.xlsx',v_centers) 
 xlswrite('mixture150-300um40 60cm 1.63d.xlsx',diameter) 
 xlswrite('mixture150-300um40 60cm 1.63h.xlsx',h_centers) 
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Appendix I MATLAB program of analyzing bubble rise velocity 
clc 
clear all 
h1=[o1]; 
v1=[o2]; 
h2=[p1]; 
v2=[p2]; 
c=length(h1); 
a=length(h2); 
m=zeros(c,a); 
mi=zeros(c,1); 
for b=1:c 
   for i=1:a 
       q=v2(i,1)-v1(b,1); 
       if q>0 
       m(b,i)=(((h2(i,1)-h1(b,1))^2+(q)^2)^0.5); 
       else m(b,i)=nan; 
       end 
   end 
end 
  
for x=1:c 
    mi(x,1)=min(m(x,1:a)); 
end 
disp('mi:'); 
disp(mi) 
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